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Deep neural networks

Can have 100,000 neurons, 100 layers, 
more than 1,000,000 parameters

Trained on huge databases, by simple 
gradient-descent type algorithms



Do we understand how it works?

One knows everything (the dream of  the neuroscientist) 
One understands very little. Accumulated practical 
knowledge.

No big theoretical progress in the last 25 years



Machine learning: training

Database =       examples of input-output 

⇠ W y

M (⇠µ, yµ)

y = f(W, ⇠)

Bayesian inference :

Unknown Data Prior

P (W |{⇠µ, yµ}) =
1

Z
P 0(W ) exp

 
��
X

µ

[f(W, ⇠µ)� yµ)]
2

!

Optimization

Find         that minimizes W
<latexit sha1_base64="+X0704ZqFsCLf+yN8mdDcLL2ZnA="></latexit>

X

µ

[f(W, ⇠µ)� yµ]
2

<latexit sha1_base64="H0fy/v+foqgSko85Xms5qSd+53Y="></latexit>(or other « loss function »)

Inverse temperature
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Machine learning: generalization

Database =       examples of input-output 

⇠ W y

M

(⇠µ, yµ)

y = f(W, ⇠)

W ⇤
Generalization: having found the best (a « typical ») set of 
parameters        , compute the performance of the machine on 
some new data Eg =

X

⌫

[y⌫ � f(W ⇤, ⇠⌫)]
2



Machine learning: training and generalization

Learning:

Generalization: Eg =
X

⌫

[y⌫ � f(W ⇤, ⇠⌫)]
2

Two main issues: •Algorithmic
•Theoretical

P (W |{⇠µ, yµ}) =
1

Z
P 0(W ) exp

 
��
X

µ

[f(W, ⇠µ)� yµ)]
2

!



Machine learning: training and generalization

Learning: P (W |{⇠µ, yµ}) =
1

Z
P 0(W ) exp

 
��
X

µ

[f(W, ⇠µ)� yµ)]
2

!

Learning problem: optimization or sampling in a large 
dimensional space, with a disordered « energy function ». 
Typical of statistical physics. 

Statistical physics. Models, disorder, ensembles, 
replicas, message-passing equations…



Magnets and Ising Model

E = �
�

ij

Jijsisj

P (s1, . . . , sN ) =
1
Z

e�E/T

si ⇥ {±1}

Ferromagnet: Jij > 0 At low T:  spins align, P 
concentrates on 2 ordered states

Equilibrium:
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P (s1, . . . , sN ) =
1
Z

e�E/T

si ⇥ {±1}

Ferromagnet: Jij > 0

Equilibrium:

Phases : hsii = M

M

T

Two states

« Mean Field » (Weiss 1907)

Magnets and Ising Model

M = tanh

0

@
X

j

Jijsj

1

A' tanh (zJM)



Random Magnets: Spin glasses
disorder  ensemble 

i

jJ ij

CuMn
si ⇥ {±1}

Strongly disordered system:

EJ(s) = �
X

ij

Jijsisj

Jij ⇠ N (0, 1/N) PJ(s) =
1

ZJ
e��EJ (s)



Random Magnets: Spin glasses
disorder  ensemble 

i

jJ ij

CuMn
si ⇥ {±1}

Strongly disordered system:

EJ(s) = �
X

ij

Jijsisj

Jij ⇠ N (0, 1/N) PJ(s) =
1

ZJ
e��EJ (s)

Spin glass sample described by the whole set of  Jij

Ensemble:

drawn from a probability distribution. eg iid

Jij ⇠ N
✓
J0
N

,
1

N

◆
e.g. (« SK model »):



Replicas, large deviations

Free energy of sample     :

Probability of finding a sample with               :fJ = f eN�(f)

�

ff⇤

Almost all samples have fJ = f⇤

J fJ = � 1

�N
logZJ

Reconstruct the large deviation function           and find �(f) f⇤

studied in the thermodynamic limit with the Laplace method

E(Zn
J ) =

Z
df eN [�n�f+�(f)]

Z
df eN�(f)

��1

<latexit sha1_base64="8PohgthCuh9jrJ4aDhEFojcV2go="></latexit>

' e�nN�f⇤
<latexit sha1_base64="sXEsBjb5eQuIAuEF60gaB0qRSsk="></latexit>

when n ! 0
<latexit sha1_base64="8287omt1cOjI91Umb2jFe+3dIPo="></latexit>

and the same thermodynamic properties



Phase Diagram and Message Passing eg SK model
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Phase Diagram and Message Passing eg SK model

Par

Fer

SG
F+SG

J0

T = 1/�

hi\j =
1

�
atanh[tanh(�Jki) tanh(�hk\i)]

+
1

�
atanh[tanh(�J`i) tanh(�h`\i)]

SG phase = many solutions

i
j

hk\i

h`\i

k

`

hi\j

Inhomogeneous Mean Field 
(cavity)       message passing 
algorithms BP, AMP, GAMP, VAMP

Built up in the last 40 years, a very 
fruitful connexion…



1- Glass « phase » : Many pure states, unrelated by 
symmetry, organized in a hierarchical « ultrametric »  
structure

Energy

Magnetization
1
N

σ
i
si

Energy

Configurations

Ising Spin glass

2- Many metastable states, unrelated by symmetry

Mean-field lessons 

3- « True » ground state : fragile to perturbation!



Machine learning: training

Learning: P (W |{⇠µ, yµ}) =
1

Z
P 0(W ) exp

 
��
X

µ

[f(W, ⇠µ)� yµ)]
2

!

Variables =       . 

Disorder in the sample = data base 

W
<latexit sha1_base64="CLvZM8n44bT+3fq8PLS/D56xdDc="></latexit>

⇠µ, yµ
<latexit sha1_base64="/2Ndazdl06ApUy1CUxyEl2tjh6g="></latexit>

Energy

Configurations

0
<latexit sha1_base64="+jbieWQFCQ+TtoPLFK1+SyiUWeE=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVZIq6EoKLnRZxbZCLZJMp3VoXiSTQiniD7jVXxP/QP/CO+MU1CI6IcmZc+85M/dePwlEJh3ntWDNzS8sLhWXSyura+sb5c2tVhbnKeNNFgdxeu17GQ9ExJtSyIBfJyn3Qj/gbX94quLtEU8zEUdXcpzwbugNItEXzJNEXTql23LFqTp62bPANaACsxpx+QU36CEGQ44QHBEk4QAeMn o6cOEgIa6LCXEpIaHjHPcokTanLE4ZHrFD+g5o1zFsRHvlmWk1o1MCelNS2tgjTUx5KWF1mq3juXZW7G/eE+2p7jamv2+8QmIl7oj9SzfN/K9O1SLRx7GuQVBNiWZUdcy45Lor6ub2l6okOSTEKdyjeEqYaeW0z7bWZLp21VtPx990pmLVnpncHO/qljRg9+c4Z0GrVnUPqrWLw0r9xIy6iB3sYp/meYQ6ztFAk7z7eMQTnq0zK7SkNfpMtQpGs41vy3r4AP3Xj0k=</latexit>

Zero energy = perfect 
performance of the machine on 
the training set

Landscape? How does it 
depend on the problem, the 
database, the architecture?

Stochastic gradient descent 
often find a solution. Depends 
on details, but good…



Machine learning: generalization

Learning:

Generalization: Eg =
X

⌫

[y⌫ � f(W ⇤, ⇠⌫)]
2

Deep networks work in an « over-parametrized » regime
Makes learning easier
Should degrade generalization: why training with so many 
parameters does not lead to overfitting ?

P (W |{⇠µ, yµ}) =
1

Z
P 0(W ) exp

 
��
X

µ

[f(W, ⇠µ)� yµ)]
2

!



Machine learning: training and generalization

Usual behavior in statistics

Number of parameters

Training

Generalization



Machine learning: training and generalization

Usual behavior in statistics

Number of parameters

Training

Generalization

With 4 parameters I can fit 
an elephant (J. von Neumann)



Machine learning: training and generalization
Deep networks

Number of parameters

Training

Generalization

Number of Data



Machine learning Theory

Some important general statements. 

⇠

W
y

y = f(W.⇠)

Two layers limited to linearly 
separable problems 
More than two: universal computer

Complexity results. Bounds on the 
difference between training energy 
and generalization energy, for 
different classes of functions 

Simple settings. Convex optimization. 
Linear problems



Machine learning Theory

What statistical physics can bring:

Precise statements for the asymptotic regime 
(thermodynamic limit). Phase transitions, 
learning dynamics.

Requires an ensemble to model the data

Tools and concepts for empirical analysis 
(landscape, learning dynamics)



Model of data: ensemble
Learning:

Algorithmic studies typically uses one (or several) 
databases for                : data = quenched disorder{⇠µ, yµ}

Theoretical analysis  relies on a probabilistic « model of the 
world ». Independent patterns drawn from

Examples from the 80’s: iid patterns’ entries

P (W |{⇠µ, yµ}) =
1

Z
P 0(W ) exp

 
��
X

µ

[f(W, ⇠µ)� yµ)]
2

!

CAT

P⇠(⇠)Py(y|⇠)
<latexit sha1_base64="AXkc+WGdOFBQWVmjDCIcY9qihbA="></latexit>

⇠µ =
<latexit sha1_base64="f7d1sW94bcSx8EwOm97kXV7uhYs="></latexit>

yµ =
<latexit sha1_base64="l9z3EegrgLKGJpDm3949z3JEbAM="></latexit>

⇠iµ ⇠ N (0, 1)
<latexit sha1_base64="McJkkcRDVuRVRtF+LZGlxwRWPd0="></latexit>

Quenched disorder



Example from the 90’s: 
« teacher-student perceptron »

Teacher: generates parameters        from teacher priorw⇤

generates data                 and target 
w⇤

i = ±1
<latexit sha1_base64="mhakAuJhSKLboI5oIa6gHVeRS6Q="></latexit>

⇠µi = ±1
<latexit sha1_base64="OXLXL+aej/KGlO8zTv32WUUxePE="></latexit>

yµ = Sign(
X

i

w⇤
i ⇠

µ
i )

<latexit sha1_base64="JPWRUBLp30M6tNDliXECd5oyULU="></latexit>

⇠

W
y

y = f(W.⇠)

⇤<latexit sha1_base64="BQElY9GsADTEJ4XNtl6JJxcAu/I="></latexit>

Student: same architecture, machine-
learning for finding its weights wi

<latexit sha1_base64="H2q7IVjvmFlZPc1coDXTxKvRtI4="></latexit>

⇠

W
y

y = f(W.⇠)
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W
y

y = f(W.⇠)



Example from the 90’s: « teacher-student perceptron »

Gardner 88, Gardner Derrida 89 ,Gyorgyi 90
Barbier et al. 2019

Replica analysis= properties of the Gibbs measure 

P (W ) =
1

Z
e��E⇠(W )

<latexit sha1_base64="l3XqsumtKAv+dAVKTlsu6l3zIiA="></latexit>

E⇠(W ) =
PX

µ=1

[Sign(W.⇠µ)� Sign(W ⇤.⇠µ)]
2

<latexit sha1_base64="lHcbI4N0TumIkbfPqjqY5qmSEnE="></latexit> Binary weights. Discrete optimization
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[Sign(W.⇠µ)� Sign(W ⇤.⇠µ)]
2

<latexit sha1_base64="lHcbI4N0TumIkbfPqjqY5qmSEnE="></latexit> Binary weights. Discrete optimization

Generalization error depends on the typical angle between     

and      

W
<latexit sha1_base64="CLvZM8n44bT+3fq8PLS/D56xdDc="></latexit>

W ⇤
<latexit sha1_base64="p/3V7cfzPJBcjV38WlC9Gnpqu6w="></latexit>

Example. Binary perceptron wi 2 {±1}
<latexit sha1_base64="Ml1fLgkLDjwHn30oMzBvxS7CwsI="></latexit>

Algorithm: TAP-AMP equations
MM 89, Rangan 2011, Krzakala et al. 2012

Phase diagram in the thermodynamic limit 
N ! 1

<latexit sha1_base64="lKag02DzoGC1XNxMdNCbOT5gIcE="></latexit>

P ! 1
<latexit sha1_base64="Sv49MLxqxSAzeZDXYcfOHENS3vA="></latexit>

↵ = P/N
<latexit sha1_base64="N3qIfT8XZ+cx7Nk2FSNlCqFlBBQ="></latexit>



Teacher-student binary perceptron

Algorithm based on mean field equations 
Theory 

Perfect learning phase tr.

Algo phase tr.

Gyorgyi 1990



With continuous weights              : 
Generalization error of maximally stable 
decreases like 

wi 2 R
<latexit sha1_base64="S7PBwgPmLIIhrYiBQWkjQt29Lzs="></latexit>

W
<latexit sha1_base64="+X0704ZqFsCLf+yN8mdDcLL2ZnA="></latexit>

.5005/↵
<latexit sha1_base64="atKIPxew1ZwO8906sQO9kITN5GE="></latexit>

Nice results, but of little use for understanding 
realistic networks. Decoupling between theoretical 
results and practical engineering applications…

With discrete weights: Phase transition to perfect 
generalization when the size of the database reaches 
the threshold                     . Fast message passing 
algorithm for     

↵c = 1.245
<latexit sha1_base64="V8tiRA8sAxKOLE8rIc6FMklrTxM="></latexit>

↵ > 1.49
<latexit sha1_base64="dAGntXYl/IrVMbeD0ngZtX69WL4="></latexit>

Conjectured 30 years ago. Proof: Barbier et al. 2019



Why does it work?
Architecture
Algorithms
Data structure



Why does it work?

Data structure
- Hidden manifolds and sub manifolds
- Combinatorial structure
- Euclidean correlations

• Analyse data
• Build generative models that can be 

analyzed fully in some large size limit
• Understand mechanisms

Architecture
Algorithms
Data structure



The hidden manifold of data

Input space: dimension 282 = 784
<latexit sha1_base64="M2W6lZjvlU1U0VewqQJbqdYuuoc="></latexit>

MNIST



The hidden manifold of data

Input space: dimension 282 = 784
<latexit sha1_base64="M2W6lZjvlU1U0VewqQJbqdYuuoc="></latexit>

Manifold of handwritten digits in MNIST: 

Nearest neighbors’ distance : 

Grassberger Procaccia 83, Costa Hero 05, Heinz 
Audibert 05, Ansuini et al. 19, Spigler et al. 19…p ' cRd

<latexit sha1_base64="aeZQ86wxtaYdIeIHDNFUKvtdDHA="></latexit>

Rnn ' p�1/d
<latexit sha1_base64="BDknXkTvu0HIsIKR2H2pVs8Z0lk="></latexit>
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The hidden manifold of data

MNIST: 

Nearest neighbors’ 
distance : 

de↵ ' 15
<latexit sha1_base64="DDCIEk6MqwmKQdqIN0s+hPjfW9o="></latexit>

d = 784
<latexit sha1_base64="iN7/E6SJ54rzvKxuTVESY49UeyQ="></latexit>

Spigler et al. 19

Rnn ' p�1/d
<latexit sha1_base64="BDknXkTvu0HIsIKR2H2pVs8Z0lk="></latexit>



The hidden manifold of data

MNIST: 

Nearest neighbors’ 
distance : 

de↵ ' 15
<latexit sha1_base64="DDCIEk6MqwmKQdqIN0s+hPjfW9o="></latexit>

d = 784
<latexit sha1_base64="iN7/E6SJ54rzvKxuTVESY49UeyQ="></latexit>

Spigler et al. 19

The neural net should answer: this image 
does not seem to be a handwritten digit

Rnn ' p�1/d
<latexit sha1_base64="BDknXkTvu0HIsIKR2H2pVs8Z0lk="></latexit>



Structure of the task: 
perceptual sub-manifolds

Hein Audibert 05

de↵(5) ' 12
<latexit sha1_base64="++Pr9a1UqWJWUQyVZU/jlWw0I+8="></latexit>

MNIST problem: in the 15-dim manifold of 
handwritten digits, identify the 10 perceptual 
sub manifolds associated with each digit, of 
dimensions between 7 and 13…



Structure of the task: 
perceptual sub-manifolds

Hein Audibert 05

de↵(5) ' 12
<latexit sha1_base64="++Pr9a1UqWJWUQyVZU/jlWw0I+8="></latexit>

MNIST problem: in the 15-dim manifold of 
handwritten digits, identify the 10 perceptual 
sub manifolds associated with each digit, of 
dimensions between 7 and 13…

… from an input in 784 dimensions!



An ensemble for the hidden manifold

Xµi = f

"
1p
R

RX

r=1

CµrFir

#

<latexit sha1_base64="5VSiEasyrgVrGvf6yP10km2QolA="></latexit>

Data = input patterns built from     features ~Fr
<latexit sha1_base64="QDHVkDYZ2/W8UDbK4Q3vuB9DhzU="></latexit>

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>

A feature is a     component vector in the input spaceN
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

Each pattern is built from a weighted superposition 
of features (feature    has weight     ): r

<latexit sha1_base64="FmQle1G4UMcInf8ecu5LhtP9bMs="></latexit> Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

RX

r=1

Cr
~Fr

<latexit sha1_base64="RbEgPYqDJAyzrUCwXelN+kRbyHg="></latexit>

Pattern    :µ
<latexit sha1_base64="aI6a64IH5GruKA5uRoiI3KWIgWI="></latexit>

Then apply a nonlinear folding function      to each 
component

f
<latexit sha1_base64="SWtGGX6QS+HRmCG2tRC8pf9528w="></latexit>

latent representation

arXiv:1909.11500  

S. Goldt, F. Krzakala MM L. Zdeborova

https://arxiv.org/abs/1909.11500


An ensemble for the hidden manifold

Xµi = f

"
1p
R

RX

r=1

CµrFir

#

<latexit sha1_base64="5VSiEasyrgVrGvf6yP10km2QolA="></latexit>

The   -dimensional data manifold is folded by applying 
the non-linear function 

R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>

f
<latexit sha1_base64="nSPHIv1jYfTR/j8f8NP5GW+jD7M="></latexit>

f
<latexit sha1_base64="SWtGGX6QS+HRmCG2tRC8pf9528w="></latexit>



An ensemble for the task

Desired output = function of latent representation

« Latent 
representation »: 

Example:

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

{Cr}
<latexit sha1_base64="56tD9NrjqeXbBUWvR6LtoCMwa0I="></latexit>

(perceptron in 
hidden manifold)

y = g

 
RX

r=1

w̃rCr

!

<latexit sha1_base64="SI0Vme585a1toFgah10jC00AnBA="></latexit>

iid

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>



An ensemble for the task

« Latent 
representation »: 

Examples:

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

{Cr}
<latexit sha1_base64="56tD9NrjqeXbBUWvR6LtoCMwa0I="></latexit>

(perceptron in 
latent space)

y = g

 
RX

r=1

w̃rCr

!

<latexit sha1_base64="SI0Vme585a1toFgah10jC00AnBA="></latexit>

y =
MX

m=1

ṽm g

 
RX

r=1

w̃mrCr

!

<latexit sha1_base64="Gkq9Xitc50C4i5OFhTsQWpLARE4="></latexit>

(2 layers nn in 
latent space)

Desired output = function of latent representation

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>



  

Learning from HMM data

Learn using a 2-layer neural 
net,       hidden unitsK

<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>
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KX

k

vkg
⇣
~wk. ~X/

p
N
⌘
,

<latexit sha1_base64="5cSHoSxK5G+756ki0cAI0SEtZQ8="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

Training error
1

2P

PX

µ=1

h
�( ~Xµ)� yµ

i2

<latexit sha1_base64="8cMPePOd6mcrryRRY2Qmm0FdLUc="></latexit>

Target label: generated from  latent representation Cµ
r

<latexit sha1_base64="JpkU1/8J04RsBICjXHqL0pFNRlI="></latexit>

or other loss function

https://arxiv.org/abs/1909.11500
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Generalization error: same with      new patternsP ⇤
<latexit sha1_base64="iArEWne3hrVfGNGmsLsTDavqTe0="></latexit>

Training error
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NB: Hidden manifold and random features

Correlated 
components 

~X = f

"
1p
R

RX

r=1

Cr
~Fr

#

<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

iid

Connexion to Montanari Mei arXiv:1908.05335 and 1911.01544

f
<latexit sha1_base64="PH6YkPw5KLWtG6/fSPaXMtQD2bA="></latexit>

Learning a task with a iid database in R dimensions

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit> µ

<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

In general not linearly separable. Embed it into a larger dimensional 
space of features Cµ

r ! Xµ
i

<latexit sha1_base64="jgRECjv0BnaJzA1+P3iK/IZhSGQ="></latexit>

Embedding through quenched (or « lazily learnt ») matrix F, and 
nonlinearity f. Special case of HMM

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>
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R
<latexit sha1_base64="DpjMd93MFyNJq3Mgk7jcVnbCgXE="></latexit>

{Fri}
<latexit sha1_base64="fdRyhWLetUXXcX8UV/ZZ6VJYf8w="></latexit>

Learning a task with a iid database in R dimensions

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit> µ

<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>
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<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

µ
<latexit sha1_base64="WzJUjGxi9t9CT+pFwqA8uvSb/UY="></latexit>

In general not linearly separable. Embed it into a larger dimensional 
space of features Cµ

r ! Xµ
i

<latexit sha1_base64="jgRECjv0BnaJzA1+P3iK/IZhSGQ="></latexit>

Embedding through quenched (or « lazily learnt ») matrix F, and 
nonlinearity f. Special case of HMM

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>



Analytic study of the hidden manifold model
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<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>
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<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Solvable limit = thermodynamic limit with extensive 
latent dimension             ,             ,  

With fixed                ,                  ,    

N ! 1
<latexit sha1_base64="lKag02DzoGC1XNxMdNCbOT5gIcE="></latexit>

R ! 1
<latexit sha1_base64="xu1LBTUSW/VK+De8I0MpikjLez4="></latexit>

P ! 1
<latexit sha1_base64="YdWBAzMM7T9iYIzh/JVHBEFncjQ="></latexit>

R/N = �
<latexit sha1_base64="xOdaIFZpSceyk9XQdIKQxfig+yQ="></latexit>

P/N = ↵
<latexit sha1_base64="dmftsX8S6SE48Bdcc59QTFbh9v0="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>



Analytic study of the hidden manifold model
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N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Xi
<latexit sha1_base64="eeh84eS124eHNTDaAdL5MOhyq6M="></latexit>

Xj
<latexit sha1_base64="F+bKb7vGbofSQQq96fgFICXTJf8="></latexit>

balanced:
Fri = O(1)

<latexit sha1_base64="opeT6VeNwci16hvgb7LAZHKolDo="></latexit>

1

N

X

i

FriFsi = O(1/
p
N)

<latexit sha1_base64="AZCZ7Gcq4yDTPm8pfUrlWabzx+I="></latexit>

1

N

X

i

FriFri = 1
<latexit sha1_base64="fOUsox3n57wcpYCvyR/gNaDb4+A="></latexit>



Analytic study of the hidden manifold model
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<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

N
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K
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<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

iid

Xi = f [ui]
<latexit sha1_base64="LEHtU2/b3Mi6LZmSuLd7wcWrRr8="></latexit>

ui =
1p
R

RX

r=1

CrFri

<latexit sha1_base64="VEkqPPtWDOrH4iZEJxjDcXFp9OE="></latexit>

Gaussian, weakly correlated         
when       are balanced andFri

<latexit sha1_base64="yWm6bAkkpob4eA9Ww6owbt6muV0="></latexit>

O(1)
<latexit sha1_base64="yWqd9aEiQP49xDqkMGm22gBuFKs="></latexit>

O(1/
p
N)

<latexit sha1_base64="KwW/JRQ2v3tpwGzGqSZM9vQ3EPg="></latexit>

E (f [ui]f [uj ]) = hf(u)i2 + huf(u)i2E (uiuj)
<latexit sha1_base64="MtP7E0kg9cV/7Oqxbs8Q1RaBQlU="></latexit>

Xi
<latexit sha1_base64="eeh84eS124eHNTDaAdL5MOhyq6M="></latexit>

Xj
<latexit sha1_base64="F+bKb7vGbofSQQq96fgFICXTJf8="></latexit>

Gaussian N (0, 1)
<latexit sha1_base64="hIA6IPhrmtts5mi0utARxuePtrI="></latexit>

u
<latexit sha1_base64="Zcstj7XVNx+eIB7ozwzmYbk8LAE="></latexit>



Gaussian Equivalence Theorem (GET)

Inputs of hidden units:
N

<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

Xi = f [ui]
<latexit sha1_base64="LEHtU2/b3Mi6LZmSuLd7wcWrRr8="></latexit>

ui =
1p
R

RX

r=1

CrFri

<latexit sha1_base64="VEkqPPtWDOrH4iZEJxjDcXFp9OE="></latexit>

�k =
1p
N

NX

i=1

wk
i f [ui]

<latexit sha1_base64="AiFKmOZAIBCepPl9vrtdICqbYAM=">AAAC/HicjVFPTxQxHH2MIn8EXfXopXFjwmkzAyRwgZB44UQwcYFkZ5l0ul1odv7ZdjBksn4TbtyIV7+AVz0bvoF+C3+tQ6ISIp3MzOv7vffaX5tWmTI2DK9nggcPZx/NzS8sPl5afvK08+z5gSlrLWRflFmpj1JuZKYK2bfKZvKo0pLnaSYP08kbVz88k9qosnhnzys5zPlJocZKcEtU0tmIMxKP+PGEbbF4rLloomkTm/fasr0pi02dJ43aiqbHe+xDokg2HtSJGiadbtgL/WC3QdSCLtqxX3a+I8YIJQRq5JAoYAln4DD0DBAhREXcEA1xmpD ydYkpFslbk0qSghM7oe8JzQYtW9DcZRrvFrRKRq8mJ8Nr8pSk04TdaszXa5/s2LuyG5/p9nZO/7TNyom1OCX2f74b5X19rheLMTZ9D4p6qjzjuhNtSu1Pxe2c/dGVpYSKOIdHVNeEhXfenDPzHuN7d2fLff2HVzrWzUWrrfHT7ZIuOPr3Om+Dg9VetNZbfbve3dlur3oeL/EKK3SfG9jBLvbRp+wLfMFXfAs+BpfBVfDptzSYaT0v8NcIPv8Cgg+lUA==</latexit>

GET: In the thermodynamic limit, the variables      
have a Gaussian distribution, with covariance

E[�̃k�̃`] = (c� a2 � b2)W k` + b2⌃k`
<latexit sha1_base64="aJsN3zDyY9Nx1BprP4fInwK6lG4=">AAADXXicnVHLSsNAFL1pfNZX1YULN4NVUKQlrYJulIIILitaKzStTKZjHTp5kEwEKf0P/0xcudWfEO+MKfhAFG9Icubce87MnetFUiTKcR6tnD02PjE5NZ2fmZ2bXygsLl0kYRoz3mChDONLjyZcioA3lFCSX0Yxp74nedPrH+l885bHiQiDc3UX8bZPe4G4FowqpK4K9wPXp+rG88jxkLRcJWSXE1eiQZd2+uQL4XIp2+Rgk5 Vop1ryOtWtPPl/NDuDvnYcbqMTcc9Ez6cjilwVik7ZMUG+g0oGipBFPSw8gAtdCIFBCj5wCEAhlkAhwacFFXAgQq4NA+RiRMLkOQwhj9oUqzhWUGT7+O3hqpWxAa61Z2LUDHeR+MaoJLCBmhDrYsR6N2LyqXHW7E/eA+Opz3aHfy/z8pFVcIPsb7pR5V91uhcF17BvehDYU2QY3R3LXFJzK/rk5ENXCh0i5DTuYj5GzIxydM/EaBLTu75bavLPplKzes2y2hRe9ClxwJWv4/wOLqrlyk65erpbrB1mo56CVViDTZznHtTgBOrQQO9Xa90qWeXckz1uz9rz76U5K9Msw6ewV94A/zC2BQ==</latexit>

W k` ⌘ 1
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wk
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`
i

<latexit sha1_base64="39CRG3VZ4lXXpFGpBYM/C7kuw5Y="></latexit>
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R

RX

r=1

Sk
rS

`
r

<latexit sha1_base64="R3ZtEgz9AouaPatoBjMsxWmlWNo="></latexit>

Sk
r ⌘ 1p

N

NX

i=1

wk
i Fir

<latexit sha1_base64="IDJU+skRvfLUveycoANXj6Bdnmc="></latexit>

c = hf(u)2i
<latexit sha1_base64="w0WkFYCgoV+JLbr3ei8QZguOCQY="></latexit>

a = hf(u)i
<latexit sha1_base64="KsQub6FCZbnjgCdRCGav1jbPiZI="></latexit>

b = huf(u)i
<latexit sha1_base64="EnaZjBPqnjzLlZi1zvfKFIYH2dM="></latexit>

Gaussian N (0, 1)
<latexit sha1_base64="hIA6IPhrmtts5mi0utARxuePtrI="></latexit>

u
<latexit sha1_base64="Zcstj7XVNx+eIB7ozwzmYbk8LAE="></latexit>

�k
<latexit sha1_base64="hvKQD81xCTkd+ubJTqsHECsLGT4="></latexit>

iid



  

Learn using a 2-layer neural 
net,       hidden unitsK

<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

N
<latexit sha1_base64="9RGqtDRz7KLigA/FW3l6I1K+BFw="></latexit>

K
<latexit sha1_base64="Z7sMt76SLAJYUjbZN0APOsF55nw="></latexit>

vk
<latexit sha1_base64="qawaWKSzQy3zMwH2+lc9eIGWWB4="></latexit>

~wk
<latexit sha1_base64="bKAF74XDxrgW1+VQm2aQtIwicXc="></latexit>

     = inside hidden R-dimensional manifold, folded by 
function 
Desired output given constructed from latent 
representation

Online learning of Hidden  Manifold Model

~X
<latexit sha1_base64="fzaif5vHvZpbMWctseVM/rRyoJI="></latexit>

f
<latexit sha1_base64="nSPHIv1jYfTR/j8f8NP5GW+jD7M="></latexit>

�
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KX

k=1

g
⇣
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⌘

<latexit sha1_base64="57eic7eJVl5UJGK6G4/M1kfJGcI="></latexit>
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<latexit sha1_base64="Z9793x5P842SLkVK/5vzJK8Eu94="></latexit>

�t( ~X) =
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m=1
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RX

r=1

w̃m
r Cr

!

<latexit sha1_base64="qpUGlcU1xQiPX7aSSR2o1EIGces="></latexit>

https://arxiv.org/abs/1909.11500


Online learning: ODE for SGD

New pattern (and therefore new latent representation      ) 
at each time

�
wk

i

�µ+1 �
�
wk

i

�µ
= � ⌘p

N
�g0(�k)f(ui)

<latexit sha1_base64="wSuo9OEs/5yAlvDxtUcZyxibgac=">AAADL3icjVHLbtQwFD0TXmV4DbBkYzFCzAh1lBQk2IAqwYIVKhLTVmo6I8fjTM04DxwHVEX5KP6EXcUGsaQ/wBauTSoBVQWOkhyfe8/xvb5JqVVlw/BzLzh3/sLFS2uX+1euXrt+Y3Dz1nZV1EbIqSh0YXYTXkmtcjm1ymq5WxrJs0TLnWT13MV33ktTqSJ/Yw9LuZ/xZa5SJbglaj54G2uZ2tGHuZqtYqOWB3Y8a+KsfhC16+ yMWNtn7Ol6nBoumlha3jZx9c7Y5lXbsviF1Jaz5f1RrKmKBZ+txiwd1XM1ng+G4ST0i50GUQeG6NZWMThCjAUKCNTIIJHDEtbgqOjZQ4QQJXH7aIgzhJSPS7Tok7amLEkZnNgVfZe02+vYnPbOs/JqQadoeg0pGe6RpqA8Q9idxny89s6OPcu78Z6utkP6J51XRqzFAbH/0p1k/q/O9WKR4onvQVFPpWdcd6Jzqf2tuMrZb11ZciiJc3hBcUNYeOXJPTOvqXzv7m65j3/zmY51e9Hl1jh2VdKAo7/HeRpsb0yih5ON14+Gm8+6Ua/hDu5iRPN8jE28xBam5P0J3/Gjh+BjcBR8Cb7+Sg16neY2/ljB8U/4jLhz</latexit>

Evolution of the weights during learning D Saad and S Solla 95, Biehl 
and Schwarze 95, …

� =
KX

`=1

g(�`)�
NX

m=1

g̃(⌫m)
<latexit sha1_base64="RtpuidsosHb0CvNnRe38PUuuWFM="></latexit>

Cr
<latexit sha1_base64="uXqgFrBDsQXW9Vs6Wi2FdwIS61w="></latexit>

�k
<latexit sha1_base64="TD/TXK0cfiz4CpTxULOtcqeM42c="></latexit>

⌫m
<latexit sha1_base64="pc1qWxPampyd/DE37YbekTfc3LE="></latexit>GET:     and        are Gaussian, and the learning dynamics 

can be analyzed by ordinary differential equations for order 
parameters like

W k` ⌘ 1

N

NX

i=1
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`
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<latexit sha1_base64="39CRG3VZ4lXXpFGpBYM/C7kuw5Y="></latexit>



Order parameters 
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<latexit sha1_base64="hS5EUclQ2zx8qIJ85rfm3/3FPyw="></latexit>
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`
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<latexit sha1_base64="mwZTm/lfMjoBYQ2X19OpvJavebo="></latexit>

 NB: mixed order parameter        measures the 
correlation of pre-activation of neuron k in the 
student and the weight m in the latent task. First 
project student’s weight to latent space (     ), then 
measure overlap to teacher
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ODE Theory vs simulations N=10000, D=100, M=2, K=2
specializes after 50.N steps



Larger second layer allows better learning after 
specialization



Larger second layer allows better learning: experiments 
on databases (erf)



« Full batch »: perceptron learning and 
generalized linear regression
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« Full batch »: perceptron learning and 
generalized linear regression
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Replica study



Gardner’s computation: typical volume of weight space compatible with 
the data  . Evaluated with replicas
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The volume can be written in terms of the local input fields to 
the hidden variables,       .  

GET: these are Gaussian variables, 
independent for different patterns, 
correlated for one given pattern. 

In short
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Theory vs simulations. Classification, 
logistic loss, « sign » non-linearities,
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Training error 

Generalization error



« Double descent » 

Spigler et al. 2019
Belkin et al. 2019
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Classification task: yµ = Sign
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Square loss: minimize zero for 
X
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Logistic loss: 

« capacity » 

« capacity » 

↵⇤ = P/N = 1
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NB Phase diagram 
for learning:
Threshold of linear 
separability

NB: at large R, the data matrix entries are 
close to iid. Cover’s result ↵⇤ = 2
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Desired output (task) = function of latent representation

Data has  « Latent representation »: 

Example ~X = f
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• Good learning and generalization phenomenology 
• Can be studied analytically : online learning and full batch 

in the limit where                 , thanks to a Gaussian 
Equivalence Theorem 

Statistical physics for machine learning: Requires 
better ensembles for data

- Data in submanifolds 
- Combinatorial structure

Hidden Manifold Model

R = O(N)
<latexit sha1_base64="5d12PBb7gosKsBDI+cr278pIGyw="></latexit>



Smart Inference for Covid19 tracing
using message passing

CO-AUTHORS: A. BAKER, F. KRZAKALA, M. MÉZARD, M. REFINETTI, 
S. SARAO MANNELLI, L ZDEBOROVA, (ENS -PSL AND UNIV PARIS SACLAY)

COLLABORATING WITH: A. BRAUNSTEIN, LUCA DALL ASTA, ALESSANDRO INGROSSO, 
INDACO BIAZZO, ANNA PAOLA MUNTONI, (TORINO)

DISCUSSIONS WITH: YOSHUA BENGIO, IRINA RISH, LUCA FERRETTI, IVAN BESTVINA, (MILA)

Information about contacts (time, 
duration), known by the two 
individual in contact

Information about individuals (age, 
symptoms,…), known by each 
individual

Pb: Infer the probability that each 
individual be infected

Message-passing provides an efficient solution, without need for a 
central system, and based on simple exchange of messages that can be 
encrypted



Smart Inference of People At Risk 
(SIPAR)

Risk can be estimated more accurately than the list of contacts. Every 
individual should account for increased risk of his recent contacts and 
spread the information to other contacts

Basic tool: Susceptible-Infected-Recovered (SIR) model for individuals

▸ Susceptible individuals (S) Can be infected

▸ Infected individuals (I) Can infect others

▸ Removed individuals  (R) Cannot spread or be infected 

Parameters: Infection rate from j to i at time t (contact)�ij(t)
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Recovery rate

Estimate probabilities P j
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Smart Inference of People At Risk (SIPAR)

Pi
S(t + 1) = Pi

S(t) 1 − ∑
j∈∂i(t)

Pj
I(t)λij(t)

Pi
R(t + 1) = Pi

R(t) + μiPi
I(t)

Pi
I(t + 1) = Pi

I(t) + Pi
S(t) ∑

j∈∂i(t)

Pj
I(t)λij(t) − μiPi

I(t)

Mean-field equations:

More elaborate = dynamic message passing (cavity equations)
Lokhov, MM, Ohta, Zdeborova PRE 2014, PRE 2015

Can incorporate the 
knowledge from 
contacts’ infections 
(backtrack)



Comparing tracing and  SIPAR : quarantine all 
symptomatic tested positive and test more according 

to tracing, or smart inference ranking

Random geometric contact graph in 2D, scale 1.1,  
daily on average 7.4 contacts.  

Population size= 10 000,  
=0.02 , =0.03. Initially 20 infected  τ=5, δ=15. 

Tests 7-21 
λ μ

 Contact graph provided by Ferretti and Hinch.  
daily on average 12.7 contacts.  

Population size= 50 000,  
=0.01 , =0.03. Initially 10 infected  τ=5, δ=15. 

Tests 50-100 
λ μ



The End



MM, Phys.Rev. E 95 (2017),022117
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